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This paper presents experimental results for wave propagation in an anisotropic multilayered struc-

ture with linearly varying cross section. Knowing the dispersion and wave propagation properties

in such a structure is of great importance for non-destructive material testing and structural health

monitoring applications for accurate damage detection and localization. In the proposed study, the

wavefield is generated by a circular piezoelectric wafer active sensor and measured by a scanning

laser-Doppler-vibrometer. The measurements are compared with a theoretical group delay estima-

tion and a signal prediction for the antisymmetric wave motion along the non-uniform propagation

path. The required dispersion curves are derived from the well-known global matrix method for

segments of constant thickness. A multidimensional frequency-wavenumber analysis of linescan

data and the full wavefield provides further insight of the adiabatic wave motion because the wave-

number changes along the tapered geometry of the waveguide. In addition, it is demonstrated that a

terahertz time-domain system can be used in glass-fiber reinforced plastic structures as a tool to

estimate the thickness profile of thin structures by means of time-of-flight measurements. This in-

formation is particularly important for guided wave-based diagnostics of structures with unknown

thickness. VC 2015 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4922823]

[TK] Pages: 299–306

I. INTRODUCTION

Elastic wave propagation in an anisotropic waveguide

with slowly varying cross section is a challenging problem

because the dispersion properties of the wave modes not

only change with frequency, but also with the structural

thickness and the direction of wave propagation. This means

that the wavenumber, and hence the phase and group veloc-

ity, changes for each wave mode continuously.1 The propa-

gating wave modes are called adiabatic since they adapt to

the varying thickness of the structure.2 For practical applica-

tions in non-destructive material testing (NDT) and struc-

tural health monitoring (SHM), a precise understanding of

the adiabatic wave propagation is required in order to per-

form an accurate localization of the scatterer, such as a

delamination or impact damage. Examples are given by

aerospace structures or the hull structure of a ship where the

wall thickness changes locally as a result of the optimization

of the stress distribution. Knowledge of adiabatic wave prop-

agation is also important for acoustic emission testing where

the position of the acoustic event is estimated by data inver-

sion techniques based on time-of-flight measurements.

The nature of wave propagation in plates with constant

thickness has been studied for many years.3 Moreover, dis-

persion properties for structures with arbitrary but constant

cross section can be determined by the semi-analytical finite

element (SAFE) method.4 However, wave propagation in

structures with slowly varying cross section has yet received

little attention. Most of the studies are limited to structures

with isotropic material properties and provide limited experi-

mental analysis.

Wave propagation in waveguides with varying height

has been studied by Pagneux and Maurel on a theoretical

basis.5 This work has recently been extended to acoustic

wave propagation in waveguides with varying curvature and

cross section.6 Numerical and experimental results for down-

slope wave propagation in a free elastic plate with linearly

varying thickness has been demonstrated.7 In addition, mode

conversion from Lamb waves to adiabatic wave modes has

been observed for an elastic plate with Gaussian section

variation.8

Furthermore, the wave propagation problem in a bonded

composite structure with tapered adhesive layer has been

studied theoretically.9 However, thickness variations in the

anisotropic layers were not considered there. A technique for

pulse dispersion prediction and dispersion compensation in

structures with varying cross section is proposed in Refs. 10

and 11. Recently, Moreau et al.12 estimated the wavenumber

of guided modes in waveguides with linearly varying

thickness.

To the best of the authors’ knowledge, this is the first

experimental study on guided wave propagation in a multi-

layered anisotropic waveguide with varying cross section.a)Electronic mail: moll@physik.uni-frankfurt.de
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Here, we consider a tapered glass-fiber reinforced plastic

(GFRP) structure with 12 segments of constant thickness.

Since the actual thickness is unknown, a terahertz time-

domain system (THz-TDS) in reflection mode is used to

estimate the thickness profile. A special focus is here on anti-

symmetric wave motion that is dominant in the considered

frequency-thickness range and that can be easily measured

by laser-Doppler vibrometry. The wavefield analysis has two

parts:

(1) Group-delay analysis: The well-known global matrix

method (GMM) is used to compute the dispersion char-

acteristics for each layer of constant thickness. Next, the

phase and group velocity characteristics are used for a

time-frequency analysis that has been introduced for iso-

tropic waveguides by De Marchi et al.10 We predict the

antisymmetric wave motion along the wave propagation

path, including thickness variation, and determine the

error with respect to an anisotropic plate with the same

anisotropic material properties but constant thickness.

(2) Multidimensional frequency-wavenumber analysis: We

calculate two-dimensional and three-dimensional

Fourier transforms for frequency-wavenumber domain

analysis. A similar approach for isotropic structures has

been presented in Ref. 13. In analogy to the short time

Fourier transform, we propose a short space Fourier

transform to resolve the spatially varying wavenumber

distribution along the non-uniform propagation path.

The remainder of the paper is organized in the follow-

ing way: Section II presents the theoretical background of

this paper, including the extraction of dispersion curves

in isotropic and anisotropic multilayered waveguides, group

delay estimation, and the prediction of wave motion in

a plate with linearly varying cross section. Section III

describes the laser-Doppler-vibrometry and the THz-TDS

setup. Here, results for group delay estimation and signal

prediction of adiabatic wave motion are shown along with

time-domain and frequency-wavenumber domain analysis

of linescan data and full wavefield data. Finally, conclu-

sions are drawn in Sec. IV.

II. THEORETICAL BACKGROUND

A. Dispersion curves in isotropic and anisotropic
waveguides

Dispersion curves for Lamb waves propagating in an

isotropic structure with constant thickness can be determined

by the solution of the well-known Rayleigh-Lamb equa-

tion.14 The result is a dispersion diagram that relates the

phase (or group) velocity to the product of frequency and

plate thickness. The knowledge of the dispersion properties

is important for damage localization procedures, relating the

waves time-of-flight to the path that the wave has traveled in

the medium.15 Matrix techniques such as the transfer matrix

method (TMM) or GMM3 can be applied for calculating dis-

persion curves in multilayered structures. Since the TMM

leads to instabilities at large products of frequency and thick-

ness, a generally more stable approach is given by modal

solutions of the GMM. An alternative way to determine the

dispersion properties of guided waves in waveguides with

irregular cross section is given by SAFE techniques.16 In this

paper, we follow the GMM approach for extracting the dis-

persion curves in the anisotropic multilayered waveguide

exploiting third-order plate theory.17

B. Group delay prediction

The group delay, gd(f,xR,h) is a time-frequency

approach that determines the time delay for each frequency

component, f, at the sensor location, xR. In contrast to the

original formulation,10 the direction of wave propagation, h,

must be taken into account in anisotropic waveguides. Let us

consider a guided wave mode that propagates a distance of

xAR¼ xR� xA from the actuator position, xA, to the location

of the receiver, xR. The propagation path depicted in Fig. 1

covers NS segments where the jth segment has a length of

Dxj and thickness of dj. The group delay predictor for the

mth guided wave mode is hence defined as

gdm
xAR
ðf ; xR; hÞ ¼

XNS

j¼1

gdm
j ðf ;Dxj; hÞ (1)

¼
XNS

j¼1

Dxj

cm
g;j f ; dj; h
� � : (2)

This representation accumulates the time delay for each

segment, Dxj, of the waveguide.

C. Prediction of antisymmetric wave motion in a plate
with linearly varying cross section

Since the experimental work is based on a tapered

GFRP structure, shown later in Fig. 5, the same structure

will be considered here first by means of simulation results.

The waveguide consists of 12 segments of variable thick-

ness ranging from 0.70 mm to 4.13 mm. The material prop-

erties are listed in Table I. A point source is placed at the

position xA¼ 0 mm and a receiver measures the response at

xR¼ 600 mm. The excitation signal is a Hann-modulated

tone burst with 1/2 cycles at a carrier frequency of 50 kHz.

FIG. 1. Schematic of an anisotropic waveguide with varying cross section,

where the mth wave mode travels in the h-direction from the actuator posi-

tion, xA, to the receiver position, xR.

TABLE I. Material properties of the GFRP material.

q
[kg/m3]

E11

[GPa]

E22

[GPa]

E33

[GPa]

G12

[GPa]

G13

[GPa]

G23

[GPa] �12 �13 �23

1700 30.7 15.2 10.0 4 3.1 2.75 0.3 0.3 0.3
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Before presenting the simulation results, Fig. 2 shows

the phase velocity and Fig. 3 shows the group velocity surfa-

ces where the carrier frequency of the excitation pulse is

highlighted. It can be observed that the velocity increases in

a nonlinear way as soon as the structural thickness becomes

larger. The frequency of 50 kHz is selected here because this

frequency is a compromise between a significant change in

velocity due to the varying cross section and the required

temporal resolution of the ultrasound waveforms for proper

acoustic wavefield imaging in order to discriminate the inci-

dent waveform from the echoes reflected from the bounda-

ries of the panel.

For the simulation of wave propagation, we exploit a

classical Fourier domain propagation model where we

do not account for (i) the radiation pattern of the piezo-

electric wafer active sensors (PWASs)18 and (ii) the

mode-selective tuning behavior.19 Modeling the

frequency-dependent excitation of guided waves in gen-

erally anisotropic multilayered media is currently under

investigation.20,21 The response at the receiver can be

expressed as

YðxR;xÞ ¼
XNS

j¼1

UeðxÞ expðikjðx; hÞDxjÞ: (3)

Here, Ue(x) denotes the spectrum of the excitation sig-

nal and kj(x,h) is the frequency-dependent wavenumber of

the jth segment in the propagation direction, h. This term is

the solution of the GMM and needs to be computed for each

corresponding thickness, dj; see Fig. 1.

Figure 4(a) illustrates the dispersive response of the fun-

damental antisymmetric wave mode at the (virtual) PWAS

receiver position, xR. The corresponding time frequency rep-

resentation in Fig. 4(b) is based on the reassigned spectro-

gram and further includes the group delay estimation. It can

be observed that the group delay prediction matches exactly

the simulated signal, showing that the group delay concept

can be applied successfully to anisotropic waveguides with

varying thickness assuming that no wave mode conversion

occurs. For the two limiting values of thickness of the inves-

tigated panel, namely, 0.7 mm and 4.13 mm, the group delay

curves for a constant thickness plate composed of the same

material are plotted in the same figure. As soon as a plate

with constant thickness is assumed, significant deviations

from the theoretical group delay prediction occur, which

would cause severe damage localization errors in NDT and

SHM applications.

III. RESULTS

A. Experimental setup for acoustic wavefield
measurements

Figure 5 shows a schematic of the experimental setup

used in this work. A circular surface-bonded PWAS with a

diameter of 10 mm is glued exactly in the middle of the

structure at (0.25 m, 0.30 m) and generates adiabatic wave

modes. The PWAS is made by CeramTec Company (Lauf,

Germany) and consists of Sonox P502 material with a thick-

ness of 0.5 mm. One of the silver electrodes is wrapped

FIG. 2. Phase velocity surface for the fundamental antisymmetric wave

mode (h¼ 90�). The carrier frequency of 50 kHz is highlighted.

FIG. 3. Group velocity surface for the fundamental antisymmetric wave

mode (h¼ 90�). The carrier frequency of 50 kHz is highlighted.

FIG. 4. (Color online) (a) Dispersive sensor response at the receiver loca-

tion, xR¼ 600 mm. (b) Reassigned spectrogram and corresponding group

delay predictions.
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around allowing for wires soldering on one face of the

sensors. The signal for the PWAS is provided by the

TTi TG4001 arbitrary function generator (Huntingdon,

Cambridgeshire, UK) and is later amplified up to 200 V in

order to ensure high signal-to-noise ratio.

While the actuating PWAS is placed on the segmented

surface of the sample, the wave sensing is realized on

the flat surface (Fig. 5). The wave registration is achieved

with a non-contact device—a scanning laser-Doppler-vi-

brometer (SLDV). In order to achieve a good reflectivity

for the laser measurements, the surface is covered with ret-

roreflective adhesive tape that reflects the laser light back

to the vibrometer head (Fig. 6). A SLDV measures the out-

of-plane components of the wavefield excited by the

PWAS. In our research, the Polytec
VR

PSV 400 SLDV

(Waldbronn, Germany) is used. In the considered frequency

range, the out-of-plane vibration is mostly related to the

antisymmetric wave motion. The wavefield excited by the

PWAS and registered by the SLDV is depicted in Fig. 7. A

distortion of the wavefield in the horizontal direction can be

observed in the snapshot at 254 ls due to the anisotropic

character of the GFRP material. The changing propagation

velocity can be seen in the vertical direction since the

waveform arrives at the top edge prior to the bottom edge.

B. Thickness estimation by terahertz time-domain
analysis

Terahertz time-domain spectroscopy (TDS) in the fre-

quency range from 100 GHz to �4 THz has been used in

recent years for the purpose of NDT.22 The submillimeter-

waves are able to penetrate through many nonconducting

materials. At each dielectric interface, e.g., from air to the

GFRP- material, the electromagnetic waves experience par-

tial transmission and reflection. In this paper, we use the

THz-TDS system as a tool to remotely measure the thickness

of the composite structure; compare Refs. 23 and 24. The

scanning heads of the THz-TDS system have been working

in reflection mode, which means that the source of radiation

and receiver are both on the same side of the sample (Fig. 8).

THz-TDS system TPS Spectra 3000þ by TeraView Limited

FIG. 6. (Color online) Experimental setup for measuring the out-of-plane

motion of guided waves by a SLDV.

FIG. 7. (Color online) The actuating PWAS is placed in the center of the

structure at (0.25 m, 0.30 m). The snapshot at 254 ls shows a distortion of

the wavefield in the horizontal direction due to the anisotropic character of

the GFRP material. In the vertical direction, the changing propagation ve-

locity can be observed since the waveform arrives at the top edge prior to

the bottom edge.

FIG. 5. Measurement setup for the structure with 12 segments of constant

thickness: THz-TDS for thickness estimation and laser-Doppler-vibrometer

for acoustic wavefield measurement.

FIG. 8. (Color online) THz-TDS system with scanning heads working in

reflection mode to measure the thickness of the tapered GFRP structure. The

linescan is performed in the direct vicinity of the PWAS.
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(Cambridge, UK) generates radiation in the form of

repeated, very narrow picosecond pulses, which are focused

and sent toward the investigated structure. Wide frequency

content, small power, and non-ionizing radiation are the

main characteristics of the pulse.

This approach is very interesting when the material is

transparent at THz frequencies, such as GFRP, and the ge-

ometry of the structure is unknown. Then, a single side

access can be used to precisely measure the thickness, which

is important information for guided wave analysis for com-

posite panels with glass fibers. The experimental setup using

the THz-TDS system is shown in Fig. 8 where the investi-

gated panel is supported by several steel bars that belong to

the THz system. The whole part is moved in the horizontal

direction to record the linescan measurements. Above the

panel, the scanning heads are located where the distance

between the heads and panel is restricted by the external

optics of the system. Figure 9(a) shows the raw terahertz

linescan signals in the form of a B-scan that has been low-

pass filtered using a Butterworth filter with a cutoff fre-

quency of 1.7 THz and a filter order of Nf¼ 4. This reduces,

as shown in Fig. 9(b), the measurement noise and optimizes

the accuracy for the thickness measurement. A direct com-

parison of the terahertz waveforms at the location

y¼ 200 mm is shown in Fig. 9(c). Based on simple time-of-

flight signal processing, the local maxima of the waveforms

can be extracted.

Assuming a relative permittivity of er,GFRP¼ 1.7, the

thickness of the ith segment can be determined by

ti ¼ 0:5
c0DTffiffiffiffiffiffiffiffiffiffiffiffiffiffi
er;GFRP
p : (4)

Here, c0 denotes the speed of light in vacuum and DT is

the time difference between the local maxima of the THz

waveforms, i.e., front- and back-wall reflection. The factor

0.5 accounts for the round-trip time due to the reflection

setup (propagation from the source, reflection, and back

propagation to the receiver; Fig. 8). A good agreement

between the caliper measurements (at the edge of the panel)

and the THz-based estimation (linescan measurement in the

middle of the structure) can be observed in Fig. 9(d). Certain

bending effects of the sample caused by gravity cannot be

avoided in the horizontal setup, but the proposed time-of-

flight-procedure is able to correct for this mechanical defor-

mation automatically.

C. Prediction of antisymmetric wave motion in a
tapered anisotropic waveguide

The thickness profile extracted from the THz meas-

urements in Sec. III B is now the input for the GMM and

the prediction of the receiver signal. Again, the material

model from Table I is selected. Figure 10(a) illustrates

the vertical linescan signals that are taken from the full

wavefield at the horizontal position of the PWAS at

x¼ 250 mm. Although the PWAS is located in the center

of the structure, the antisymmetric waveform arrives

much faster at the thicker end of the structure at

y¼ 600 mm due to the higher propagation velocity in

that direction. Conversely, a longer propagation time can

be observed when the antisymmetric waveform travels to

the thinner end of the structure at y¼ 0 mm. The reason,

therefore, is a reduced wave velocity that can be

observed in Fig. 3.

The requirement for the signal prediction is to account

for these variations in wave velocity. Thus, two equidistant

measurement points having both a distance to the PWAS of

250 mm are taken as examples. The results are shown in

Figs. 10(b) and 10(c). In both cases a good agreement was

FIG. 9. (Color online) (a),(b)

Terahertz B-scan of the original and

the low-pass filtered THz-waveforms.

(c) Comparison of terahertz wave-

forms before and after low-pass filter-

ing. (d) Thickness estimation based on

time-of-flight analysis in Eq. (4). The

reference measurements have been

taken with a caliper at the edge of the

panel; the THz waveforms are

recorded in the middle of the panel

close to the PWAS.
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found between the measured and the predicted signals,

although the arrival times in both cases are significantly dif-

ferent. Small deviations in phase are due to uncertainties in

the THz-based thickness estimation as shown in Fig. 9(d),

which is the input for the theoretical dispersion properties.

In order to evaluate the error with respect to a structure of

uniform thickness, the dispersion properties of the antisym-

metric wave mode at the location of the PWAS is consid-

ered. This is a reasonable assumption since the PWAS is

located at the medium thickness of the tapered structure.

Figure 10(b) shows a relatively small error of 11.7 ls

between the measurement and the prediction for the uniform

thickness. This can be explained by Fig. 3 because the group

velocity does not change much toward greater structural

thickness. However, a large time delay of 56.7 ls occurs at

the measurement position y¼ 50 mm in Fig. 10(c). Here, the

changes in group velocity become more significant. It can be

concluded that the signal prediction works fine when the

tapered geometry of the structure is taken into account.

Otherwise, a significant error in time delay occurs that can-

not be neglected in NDT and SHM applications.

Furthermore, Fig. 10(d) depicts the reassigned spectro-

gram of the signal in Fig. 10(b) supported by the estimated

group delay. Since a narrowband excitation signal is used in

the experiment, the shape of the time-frequency representa-

tion is substantially different compared to Fig. 4. However, a

good agreement can be observed between the measured sig-

nal and the group delay prediction.

D. Multidimensional Fourier-domain analysis

1. Vertical line of points analysis

From the full wavefield data registered with the SLDV,

a vertical line of 249 points crossing the center of the speci-

men was chosen for frequency-wavenumber analysis. Two

excitation scenarios were considered: Hanning windowed si-

nusoidal bursts with three cycles at carrier frequencies of 50

kHz and 100 kHz.

In order to transform the signal from time-space domain

(t-y) to frequency-wavenumber space (f-ky-y) domain two-

dimensional short space Fourier Transform (2D-SSFT) may

be used as

FIG. 10. (Color online) (a) Vertical

linescan data at the location of the

PWAS. (b) Measurement and signal pre-

diction at y¼ 550 mm. (c) Measurement

and signal prediction at y¼ 50 mm. (d)

Reassigned spectrogram and group

delay curve at y¼ 550 mm.

FIG. 11. (Color online) Wavenumber-

space domain (ky-y) for burst excita-

tion at a central frequency of (a) 50

kHz and (b) 100 kHz.
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Vðf ; ky; aÞ ¼
ð1
�1

ð1
�1

vðt; yÞWðy� aÞe�jð2pft�kyyÞdtdy;

(5)

where W(y) denotes the window function and a stands for

the translation of the window function, W(y), along y-dimen-

sion. This enables the analysis of a spatially varying wave-

number pattern along the non-uniform propagation path. To

visualize the data, integration over the considered frequency

range (F) of the signal may be used

�Vðky; aÞ ¼
ð

F

Vðf ; ky; aÞ: (6)

It should be noted that increasing the width of the window

function, W(y), will increase the resolution in wavenumber,

but decreases the resolution in space domain at the same

time. The result of processing the 2D-SSFT is visualized in

Fig. 11. It can be observed that the wavenumber as a func-

tion of y-dimension decreases when the specimens thickness

increases.

2. Full wavefield analysis

With the purpose of transforming full wavefield data from

time-space domain (t-x-y) to frequency-wavenumber-domain

(f-kx-ky) a three-dimensional Fourier transform (3D FT) may

be used as

Vðf ; kyÞ ¼
ð1
�1

ð1
�1

ð1
�1

vðt; x; yÞe�jð2pft�kxx�kyyÞdtdxdy:

(7)

Two images were created based on the 3D FT and pre-

sented at the carrier frequency of the excitation pulse, i.e.,

50 kHz and 100 kHz, in Fig. 12. It can be observed that

FIG. 12. (Color online) Wavenumber-

frequency domain (kx-ky-f) at central

frequency for burst excitation with a

central frequency of (a) 50 kHz and (b)

100 kHz.

FIG. 13. (Color online) Slice of the

3D-Fourier transform for the carrier

frequencies (a),(b) 50 kHz and (c),(d)

100 kHz.
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changes in wavenumber, ky, creates multiple parallel lines

in this direction. This phenomenon does not occur in the kx-

direction due to constant thickness of the specimen in the x-

direction.

Further information about the wavefield can be obtained

by the kx-f-representation (ky¼ 0) shown in Figs. 13(a) and

13(c) and the ky-f-representation (kx¼ 0) shown in Figs.

13(b) and 13(d) for the two carrier frequencies of interest. It

can be observed for both cases that the blurring in the kx-

direction is almost zero given the fact that the structure has a

constant thickness in that direction. On the contrary, a signif-

icant blurring can be observed in the ky-direction due to the

changing wavelength. Although the focus of this paper is on

the analysis of the antisymmetric wave mode, the symmetric

wave mode can be clearly identified in Figs. 13(c) and 13(d).

The mode tuning-effect of the piezoelectric transducers, dis-

cussed e.g., in Ref. 19, is responsible for the fact that the

symmetric wave mode can be observed at 100 kHz and can-

not be observed at 50 kHz.

IV. CONCLUDING REMARKS

The novelty of this paper is to study the wave propaga-

tion of the antisymmetric wave motion in a tapered aniso-

tropic waveguide through theoretical and experimental

investigations. Besides the well-known measurement pro-

cedure of scanning laser-Doppler vibrometry, we demon-

strated the performance of terahertz time-domain analysis

in reflection mode to extract the thickness information of

the GFRP structure. It was shown that the phase and group

velocity of the antisymmetric wave mode changes strongly

when the thickness of the structure increases. This observa-

tion is important for many practical applications in the con-

text of NDT and SHM. Moreover, a good agreement was

found between the theoretical prediction of the receiver

response and the measured signals. As soon as the non-

uniform geometry of the structure is neglected, a significant

error in the time of arrival occurred. Analyzing the full

wavefield in the frequency-wavenumber domain revealed a

significant blurring due to the spatially varying wavenum-

ber characteristic.

Animations presenting several results from the multi-

dimensional Fourier transforms at the whole frequency range

may be found attached to the online version of this paper as

supplemental material.25
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